Quantum cohomology of smooth complete intersections 
in weighted projective spaces and singular toric varieties 



VICTOR PRZYJALKOWSKI 

Abstract. We generalize Givental's Theorem for complete intersections in smooth toric 
varieties in the Fano case. In particular, we find Gromov-Witten invariants of Fano 
varieties of dimension > 3, which are complete intersections in weighted projective spaces 
and singular toric varieties. We generalize the Riemann-Roch equations to such varieties. 
We compute counting matrices of smooth Fano threefolds with Picard group Z and 
anticanonical degrees 2, 8, and 16. 



A' 



Let X be a general complete intersection of hypersurfaces of degrees d%, . . . , d\ in P 
d = N + 1 - d i > 0, n = N - I ^ 3. Let H* H {X) C H*{X, Z) be the ring generated 
by class H that is dual to the hyperplane section and S = H* H (X) ® C[[g]]. Denote 
H £g> 1 G S , H G Htf{X) by the same letter H. According to Givental's Theorem for 
complete intersections in projective spaces (see [Gi9 6j). /-series for X (i.e. the generating 
series for one-pointed Gromov-Witten invariants with descendants, see definition I2.2.3j) 
is 

jx = e - axq y fx d = e - axq y ^l U-tMH + j) 
^ ^ T7 (H + i) N+1 

where ax = d%\ . . . di ! if do = 1 and ax = if ^ > 1 . Consider 
D = q ■ d/dq G T> = C[[q]][q ■ d/dq]. Then a solution of the Riemann-Roch equation 
(or equation of type Dn), i. e. the differential equation 



(D N+1 -l[dtql[(D + j-))i<l>(q)] = 

i=0 j=i 1 

is the series T x = ^q d (dod)\T^ H0 . 

In this paper we generalize these results to complete intersections in weighted projective 
spaces and singular toric varieties. 

In the first section we formulate the main results. In the second section we give defi- 
nitions and formulate known results. In the third section we prove and discuss the main 
theorems 11.11 and 11.21 In Appendix we formulate Golyshev's conjecture. The corollary of 
theorem 11.11 completes its proof. 

Notations. The Pochhammer symbol ( < X > ) n denotes the product 

X(X + 1) • ... • (X + n - 1), where X belongs to some ring (see [AS72j . 6.1.22). 
An infinite product of the form ria=-oo(^ + a ) ^ s denoted by [X~\ n (we define the infinite 
product formally; we will only use quotients of two such products in which all but for a 
finite number of factors coincide). 

We denote the groups of homological and cohomological classes on X modulo torsion 
by H*(X) and H*(X) accordingly 
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We use the same notation for a hypersurface and its dual cohomological class. 
Denote B = C[[q]] and D = q ■ d/dq G V = B[q ■ d/dq}. 



Everything is over C. 

1. Results 
See I2.1[ 12.21 and 12.41 for necessary definitions. 

1.1. Theorem. Let P = P(u>i, . . . , Wk) be a weighted projective space. Let X be a smooth 
complete intersection of hypersurfaces X\,...,X\ which do not intersect the singular locus 
ofF. Assume that —Kx > and Pic X = ZH, where H is the class dual to the hyperplane. 
Let i : X — > P be the natural embedding. 

1) I-series for X is the following. 

jX = e -a x q d ,* ( IIa=l ( X a + 1 )d-degX Q 

Here ax = if the index of X is 2 or greater and ax = nl=i(deg X a )!/ IIa=i w a- */ 
index is 1. 

2) Let di (1 < % < I) be the degrees (with respect to H) of the hypersurfaces Xi and 
do = J2 w i — be the index of X .Let I x (q) = J2q d - ((d d)\ ■ (e ax I x ) dH o) . Consider 
the operator (which generalizes the Riemann-Roch operator, see [G oOlj ) 

k I 

L = J] (VP - K - 1))^ ~q\{{d % D + l) di . 

8=1 1=0 

Then L[l x (q)} = 0. 

1.2. Theorem. Let Y be a Q-factorial toric variety and Yx, . . . , Y^ be the divisors that 
correspond to the edges of the fan of Y . Consider a smooth complete intersection X of 
hypersurfaces X\, . . . ,X\ that does not intersect the singular locus of Y . Assume that 
—Kx > and PicX = Z. Let i: X — > Y be the natural embedding. Let £ be a nef 
generator of Bi2(Y). For (3 = di put q^ = q d . Let A C H2(X) be the semigroup of 
algebraic curves as cycles on X . 

1) I-series of X is the following. 

'nU (*«+!), 



jX _ e - axq YgP.fl i^=iv a //3 . x , 

^ 1 ifi=i(n+i) fl . 



(3eA \ llo=l V 1 " 1 ^/p-Y a 

where ax = if the index of X is greater than 1, and ax = Yl a =i(^ ' X aY-/ Ylt=i(^ ' ^fc)' 
if the index is 1 . 

2) Let di (1 < i < I) be the degrees of the hypersurfaces Xi (with respect to t), W{ 
(1 < i < k) be the degrees of divisors that correspond to the edges of the fan ofY, and do 
be the index of X .Let X x (q) = J2 ( l d ' ((dod) \ ■ (e ax I x )d,H )- Consider the operator (which 
generalizes the Riemann-Roch operator, see [GoOlj ) 

k i 
L = H ( Wi D - ( Wl - l)) wi - q\{ faD + l) d . 

1 = 1 2=0 

Then L[l x (q)} = 0. 



Remark 1. By Lefschetz Theorem (see |Do82j . Theorem 3.2.4, (i) and Remark 3.2.6) 
hypotheses of theorems 11.11 and 11.21 hold for complete intersections of dimension greater 
than 2, which do not intersect the singular locus of ambient variety, if its Picard group is 
Z (this holds automatically by hypothesis of theorem 11.11) . 

2. Preliminaries 

Throughout the paper we consider the invariants of genus zero (those that correspond 
to the rational curves). 

An axiomatic treatment of prime invariants was given by M. Kontsevich and Yu. Manin 
in [KM94j . Invariants with descendants were introduced and constructed in [BM96J 
and |Beh97j . 

2.1. Moduli spaces of curves. Consider smooth variety X such that —Kx > 0. 

2.1.1. Definition. The curve is reduced scheme of pure dimension 1. The genus of curve 
C is the number h l (Oc)- 

It is easy to see that the curve is of genus if and only if it is a tree of rational curves. 

2.1.2. Definition. The connected curve C with n > marked points pi, . . . ,p n G C is 
called prestable if it has at most ordinary double points as singularities andpx, . . . ,p n are 
distinct smooth points (see [ Ma02j . III-2.1). The map f ': C — > X of connected curve of 
genus with n marked points are called stable if C is prestable and there are at least three 
marked or singular points on every contracted component of C ( [Ma02j . V-l.3.2). 

In the other words, a stable map of connected curve is the map that has only finite 
number of infinitesimal automorphisms. 

2.1.3. Definition. The family of stable maps (over the scheme S) of curves of genus 
with n marked points is the collection (tt: C — > S, p\, . . . ,p n , f: C — > X), where it is the 
following map. It is a smooth projective map with n sections pi, . . . ,p n . Its geometric 
fibers (C s ,pi(s), . . . ,p n (s)) are prestable curves of genus with n marked points. Finally, 
the restriction f\c s on each fiber is a stable map. 

Two families over S 

(tt: C -> S,pi,...,p n ,f), (n: C -> S,p' 1 ,...,rf n ,f) 
are called isomorphic if there is an isomorphism t: C —> C such that n = n'or, p[ = rop i; 

/ = f0T. 

2.1.4. Let (3 G H£(X). Consider the following (contravariant) functor A4 n (X, (3) from 
the category of (complex algebraic) schemes to the category of sets. Let A4 n (X, /3)(S) be 
the set of isomorphism classes of families of stable maps of genus curves with n marked 
points (n: C — ► S, pi, . . . ,p n , f) such that f*([C s ]) = /3, where [C s ] is the fundamental class 
ofC s . 

2.1.5. Definition. The moduli space of stable maps of genus curves of class (3 G H^X) 
with n marked points to X is the Deligne-Mumford stack (see |Ma02] , V-5.5) which is the 
coarse moduli space (see |HM98j . Definition 1.3) that represents A4 n (X,/3). This space is 
denoted by M n (X,/3). 
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2.2. Gromov— Witten invariants and /-series. The definition of Gromov-Witten in- 
variants is given in terms of intersection theory on smooth stacks M n (X,/3). It exists 
because locally such stack is a quotient of smooth variety by a finite group (see [Vi89j ) . 
However such stacks may have unexpected dimension. To use the products of cohomo- 
logical cycles on them one should introduce the virtual fundamental class [M n (X, f3)] virt 
of virtual dimension vdimM n (X, (3) = dimX — deg Kx [3 + n — 3 (see its construction 
in [Ma02] . VI-1.1). In many cases (for instance, for homogenous spaces) virtual funda- 
mental class coincides with the usual one. 

Consider the map_e^: M n (X,f3) —> X, eVi(C;pi, . . . ,p n , f) = f{pi). Let 
7r n+1 : M n+ i(X, (3) — > M n (X,/3) be the forgetful map at the point p n+ \. It contracts un- 
stable components after forgetting p n+ \. Let <jj : M n (X, /3) — > M n+ i(X, (3) be the section 
that are correspond to the marked point pi constructed as follows. The image of the curve 
(C;px, . . . ,p n , f) under the map <7j is the curve (C';pi, . . . ,p n +i, /')• Here C = C[jC , 
C — P 1 , and C and C intersect at the (non-marked on C) point Pi. The points p n+ i 
and new pt lie on Cq. The map /' contracts Co and f'\c = f ■ 




Let Li = a*uj nn+1 , where uj nn+1 is the relative dualizing sheaf 7r n+1 . The fiber Lj over 
the point (C;pi, ...,p n ,f) is T*.C. 

2.2.1. Definition [see |Ma02j . VI-2.1]. A cotangent line class is the class 

^ i = c 1 {L i ) eH 2 (M n (X,(3)). 



2.2.2. Definition [see [Ma02j, VI-2.1]. Consider the cohomological classes 
7ij---)7n ^ H*(X). Let a,\,...,a n be the non-negative integers and (3 G H 2 (X). The 
Gromov-Witten invariant with descendants that correspond to these classes is 

(r ai7 i, • • • , r anln ) p = ^evt{ lx ) ■ . . . ■ C"<(7n) ■ [M n (X, /3)] virt 

z/^codim7j + Xl a * = vdimM n (X, (3) and otherwise. The invariants with a« = (for 
each i) are called prime. They are equal to the expected numbers of rational curves of 
the class (3 on X , which intersect the dual cycles to ji, . . . ,j n (divided by the product of 
degrees of divisors from 71, ... , 7„). We omit the symbols r . 
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2.2.3. Definition [see |GaOO] ]. Let /ii, . . . , /ijy be the basis of H*(X), fa, . . . , jl^ be the 

dual basis, and 71, . . . , 7& be the basis of H 2 (X). Each curve (3 is of the form [3 — ^ 
Consider the ring B = C[[q]], q = (q\, . . . ,qk)- Put q® — \\ gf* . Then the /-series for X 
is the following. 

lX = E J ? • <f e B ® H ^ x ^ J ? = E 

P>0 i,j>0 

(we use the same symbol for 7 e H*(X) and 1 <S> 7 G -B <g> i/*pf)). 
Fundamental term 0/ 1 -series is the series 

J ho = ^2(T(-K x yf3-2^)f3 ■ q P , 

/3>0 



where 1 is the class dual to the class of unity in the cohomology. 



In the case k = 1 and arbitrary series / G B ® H*(X) put / = J2q>o Id • <? d - 



2.2.4. Lemma [[Ga99j, Lemma 5.5 or proof of Lemma 1 in |LP01] ]. Let Y C X be 

a complete intersection and ip: H*(X) — > if*(Y) 6e i/ie restriction homomorphism. Let 
71 G <^(if*(X)) ± and 72,..., 7z G Then for each (3 G f{H 2 (X)) C H 2 (Y) the 

Gromov-Witten invariant on Y of the form 

(-r dl 7i,T d2 7 2 , . . .7^7^ 

vanisnes. 



2.2.5. Definition. Consider a complete intersection Y G X. Let if: H*(X) — > H*(Y) 
be the restriction homomorphism and R = (p(H*(X)) C //*(F). Let /ii,...,///v fre t/ie 
basis o/.R ; /ii, . . . ,/Z/v G i? 6e t/ie dwaZ basis, and 71, ... ,7* be tZie &aszs of H 2 (Y). Each 
curve (3 is of the form [3 = ^2 ftili- Consider the ring B = C[[q\], q = (gi, . . . , g^). Put 
q 13 = Y\ Qi ■ Then restricted /-series of Y is the following. 

= E 7 J • <f e B ® R c B ® ? = E (^)^i- 

T/ie invariants of complete intersection that correspond to cohomological classes re- 
stricted from the ambient variety are called restricted. 

2.2.6. Remark. For a complete intersection Y G X of dimension at least 3 these series 
coincide, i. e. I Y = I Y . Indeed, H 2 (Y) — H 2 (X) and by lemma [2.2.41 and the divisor 
axiom 12.3.21 one-pointed invariants for primitive classes vanish. 

2.2.7. Remark. Two- and more- pointed invariants for primitive classes of middle di- 
mension may be non-zero. For instance, for two primitive classes a and f3, a hypersurface 
section H and a line £ on cubic threefold 

(a,/3,// 2 ), = -a-/3 

(see |Bea95] , Proposition 1). 



2.3. Relations between multipointed invariants. 
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2.3.1. In this paragraph we discuss relations between one-pointed Gromov-Witten in- 
variants with descendants (i. e. coefficients of /-series) and multipointed prime ones (in 
particular, two-pointed ones, which are important for the following). 

One-pointed invariants with descendants may be expressed in terms of multipointed 
ones by the following. 

2.3.2. Divisor axiom for invariants with descendants [ |KM98j . 1.5.2]. Let Y be 

smooth projective variety, 71, . . . ,j n G H*(Y) and 70 G H 2 (Y) be a divisor. Then 

(7o, 7*71, • • • , T dn "{ n )p = (70 • /5)(r dl 7i, . . . , r dn 7„) /3 + 

^ (7di7l> • • • ) T d k -l(lO ■ Ik), • • • , 7d„7n)/3- 

The following formula (with divisor axiom) enables one to express recursively three- 
pointed invariants with descendants in terms of prime ones. 

2.3.3. Theorem [topological recursion relations, [Ma02] . VI-6.2.1]. Let Y be a smooth 
projective variety, {A*} and {Aj} ; % = 1, . . . , N, be dual bases of H*(Y). Then 

(7*71, 7"d 2 72, 7- d3 73)/3 = ( T di-lll> A"}/?! (A a , T d2 7 2 , T^Js) 

(the sum is taken over all a, flx, 02 such that the expression in it is well-defined, i. e. 
a = l,...,N, A,/?2>0). 

2.3.4. Using this formulas, we can express one-pointed invariants in terms of prime two- 
pointed ones (see |Pr04j . Proposition 5.2). In fact, in many cases these expressions are 
invertible. More particular, the inverse expressions can be found recursively by the divisor 
axiom and the following theorem (see also |BK00j . 5.2 and |Pr04j ). 

2.3.5. Theorem [Lee, Pandharipande, [LP01J, Theorem 2,i]. Let Y be a smooth pro- 
jective variety. Consider the self-dual ring R C H*(Y) generated by Picard group Picy 
such that for any fix, . . . , [i n G R and v G R ± 

(^....r^rV^O. 

Let 71, . . . ,7„ G R, H G YicY , A 1 and A, be the dual bases of H*(Y). Then one can 
algebraically express Gromov-Witten invariant 

(T fcl 7l ,...,rN n )/3 

in terms of one-pointed Gromov-Witten invariants with descendants using the following 
expressions 

(r fcl 7i, . . . , r kn H ■ j n )p = (r kl H • 71, . . . , r kn ^ n )p + (3H ■ (r kl+ x"fx, • • • , T kn j n )p- 

Y P lH ' 5Z ( T k sl lsh ■ ■ ■ ,Tk i7*i> A a ) /3l • (A a ,T k 7 s n, . . . ,Tfc ,n7»?)ftl 

' * ' ■* 1 a 1 b 

Pl+P 2 =P S 1 US n =S, a 

and 

(7fc 1 7i, • • ■,r kn+1 'y n )0 = -(r fcl+ i7i, . . . ,r A . n 7 n ) /3 + 

S^US" 1 = S, a 



where H e Pic Xf\R and the latter summations are taken over partitions S 1 = {s\, . . . , s*} 
and S n = {s™, . . . , s%} of the set S = {1, . . . , n} such that 1 G S 1 and n E S n . 

2.3.6. The hypothesis of this theorem holds for subring of restricted cohomologies of 
complete intersection in toric variety (see |Fu93] . 5.2) or for the subring of the cohomology 
ring of Fano threefold generated by Picard group. See expressions for Fano threefolds with 
Picard group Z in |Pr04] . 

Consequently, theorems \l.l\ and \l.B enable us to find the restricted quantum cohomology 
ring of smooth complete intersections in weighted projective spaces and singular toric 
varieties. 

2.4. Toric varieties. The definition and the main properties of toric varieties see 
in |Da78] or in |Fu93j . Just remind that toric variety is a variety with action of torus 
T ~ (C*) n such that one of its orbits is a Zariski open set. Toric variety is determined by 
its fan, i. e. some collection of cones with vertices in the points of lattice that is dual to 
the lattice of torus characters. Moreover, algebraic-geometric properties of toric variety 
can be formulated in terms of properties of this fan. 
Remind some of them. 

2.4.1. Every cone of the fan a G N = M. n of dimension r corresponds to the orbit 
of the torus of dimension n — r (here n is the dimension of toric variety). Thus, each 
edge (one-dimensional cone) correspond to the (equivariant) Weil divisoio The divisors 
which correspond to the edges of the fan generate divisor class group. A Weil divisor 
D = ^2 diMi, where Mj corresponds to edges, is Cartier if for each cone of the fan a there 
exist a vector n a such that (n CT ,mj) = di where mj is the primitive elements of the edges 
of this cone. If such vector is the same for all cones, then the divisor is principal. Hence 
if the toric variety is n-dimensional and the number of the edges is k, then the rank of 
the divisor class group is n — k. 

2.4.2. Definition. The variety is called Q-factorial if for each Weil divisor D there exist 
some integer k such that kD is a Cartier divisor. 

In particular, there exist an intersection theory for Weil divisors on the Q-factorial 
variety. 

2.4.3. Toric variety is Q-factorial if and only if any cone of the fan, which corresponds 
to this variety, is simplicial. In this case Picard group is generated (over Q) by divisors, 
which correspond to the edges of the fan. 

2.4.4. Consider a weighted projective space P = P(u>o, • • • > w i)- The fan which correspond 
to it is generated by integer vectors m , ...,m( G R' such that J2 w i m i = 0- If — 1 ; 
then one can put m = (—Wi, . . . , —W[), nii = e iy where is a basis of PJ. The collection 
{mi} corresponds to the collection of standard divisors-strata {Di e \wiH\}. 



That is, let £ € N = Z™ be a fan of the toric variety and let a € £ be any cone. Let M be 
a lattice dual to N with respect to some non-degenerate pairing (•, •) and tr v be a dual cone for a (i. e. 
<r v = {I G M|Vfc £ a (l,k) > 0}). Let U a = SpecC[<r v ] corresponds to a. The variety X a is obtained 
from the affine varieties U a , a £ E, by gluing together U a and U T along U anT , <t,t S E. Thus, if I C a € E 
is an edge of the fan, then the divisor that is correspond to / restricted on U a as Ui C U a . 
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2.4.5. A toric variety is smooth if for any cone a in the fan that correspond to this variety 
the subgroup a fl Z™ is generated by the subset of the basis of the lattice mj, . . . , m£. 
Adding the edge a = aim" + . . . + a^m-J, 6 Q to the cone (and connection it with 
"neighboring" faces) corresponds to weighted blow-up (along subvariety which correspond 
to a) with weights 1/r • (ai, . . . , a/b), where a; 6 Z and Oj = a»/r. Consecutively adding 
edges to the fan in this way we can get toric resolution of a toric variety. 

2.4.6. So, singular locus of weighted projective space P = P(u>o> • • • > w i) is the union 
of strata given by x it = . . . = Xj. = 0, where Xj. is the coordinate of weight w^. and 
{ii, . . . , ij} is the maximal set of indices such that greatest common factor of the others 
is greater than 1. 

2.5. Givental's Theorem [|Gi97j, Theorem 0.1]. Let X be a smooth toric variety and 
Y be a smooth complete intersection in it with positive anticanonical class. Let X\, . . . , Xk 
be the divisors which correspond to the edges of a fan of X and let Y be given by divisors 
Yx, . . . ,Y r . Let A C H 2 (X) be the semigroup of algebraic curves as cycles on Y, and 
i: Y — > X be a natural embedding. Then 



I L=1 M/3-y n +l lla=l \ X A\ 



/3eA V lla=l L'aJl 1 la=l V^ a \ p-X a -{ 

where h(q) is a polynomial supported by curves, whose intersection with anticanonical 
class is 1 (i. e. h(q) = ^phpqP, where (3 ■ (—Ky) = 1). 

2.6. Motivation. Consider a smooth Fano threefold X with Picard group Z. Put 
K = -K x . 

2.6.1. Definition [[Go02j, 1.7, 1.10]. A counting matrix is the matrix of Gromov-Witten 
invariants of X , namely the following matrix A e Mat(4 x 4). 



A 



Ooo Q>01 &02 «03 

1 a ll a 12 a 13 

1 a 22 a 23 

1 a 33 



Numeration of rows and columns starts from and the elements are given by 

^~ d^X ~^X~ {K '"l*-* 1 

(the degree is taken with respect to the anticanonical class). 



2.6.2. It is easy to see that the matrix A is symmetric with respect to the secondary 
diagonal: = a^j^-i. By definition, a^- = if j — i + 1 < 0. If j — i + 1 = 0, then 
1, because it is just a number of intersection points of K 3 ~ l , K\ and K, which is 



a 



degX; 

a oo — a 33 = 0. For the other coefficients "expected" numbers of rational 

curves of degree j — i + 1 passing through K 3 ~ l and iP , multiplied by . The only 
exception is the following: by divisor axiom 



aoi = 2 • (2 ■ ind (X) ■ [the number of conies passing through the general point}). 
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2.6.3. Consider the following Fano threefolds (see [Is77j . jls78] . jls79] . jls88] . [IP99] . 
|Mu92] l 

1: The variety V\ of anticanonical degree 8 (a double covering of the cone over 

Veronese surface branched over a smooth cubic). 
2: The variety V 2 of anticanonical degree 16 (a double covering of P 3 branched over 

a smooth quartic). 

3: The variety V 2 ' of anticanonical degree 2 (a double covering of P 3 branched over 
a smooth sextic). 



2.6.4. Proposition. The varieties V\, V 2 , and V 2 ' are of the following form. 

1: Any variety of type V\ is isomorphic to a smooth hypersurface of degree 6 in 
P(l,l,l,2,3). 

2: Any variety of type V 2 is isomorphic to a smooth hypersurface of degree 4 in 
P(l,l,l,l,2). 

3: Any variety of type V 2 ' is isomorphic to a smooth hypersurface of degree 6 in 
P(l,l,l,l,3). 



2.6.5. Proof. Double covering F(wq, . . . , w n ) branched over a divisor given by function 
fk{xo, • • • , x n ) of degree k may be given by function x^ +1 = fk in P(w , . . . , w n , fc/2). The 
variables Xi here have the weights Wi and the variable x n+ i has the weight k/2. □ 



2.6.6. Theorem. The counting matrices for V\ , V2, and V% are as follows. 
1: For V\ 



2: For V 2 



3: ForV 2 ' 



M(V y 



240 57600 



M(V 2 



1 





1248 








1 





240 








1 





" 


48 





2304 


1 





160 








1 





48 








1 






M(V 2 ') 






137520 


119681240 


21690374400 


1 


624 


650016 


119681240 





1 


624 


137520 








1 






2.6.7. Proof. By proposition 12.6.41 these varieties are hypersurfaces in weighted projec- 
tive spaces. Find their one-pointed invariants using theorem 11.11 Apply theorem 12.3.51 
for the subring of cohomology ring generated by the class dual to the class of hyper- 
plane section and find prime two-pointed invariants. They are the coefficients of counting 
matrices. □ 
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3. Proofs of the main theorems 



3.1. Proof of theorems 11.11 and 11.21 

The divisors in P that correspond to the edges of its fan are W\H, . . . , WkH. Thus, 
theorem 11.11 follows from theorem 11.21 
Prove theorem 11.21 

1) Let E be a fan of Y. Consider the sequence of simplicial fans S = So, Si, . . . , S r 
such that 

i) The fan Sj + i is a result of the following procedure applied to Sj. Pick a cone 
whose edges are not part of a basis of the integer lattice containing this fan. Add 
an edge, which lies inside the cone. Add the faces which contain this edge and 
"neighboring" edges (i. e. replace all cones which contain the edge we add by all 
linear spans of this edge and faces of this cone that does not contain the edge); 

ii) The fan S r corresponds to a smooth variety. 

Such sequence exists by |Da78j . 8.1-8.3. 

This way we get a toric resolution of singularities / : Y = A Sr — > Y (where X 2r is the 
toric variety that correspond to the fan S r , see remark [1]). The exceptional set of this 
resolution is the union of divisors E\, . . . ,E r which correspond to the edges we add. Let 
Wi, . . . , Wk be divisors that correspond to the edges of a fan of Y and W\, . . . , Wk be their 
strict transforms. Let X\, . . . , X\ be strict transforms of Xi, . . . , Xi, X — X\ D . . . D Xi, 
and j : X — > Y be the natural embedding. Obviously, there exists an isomorphism g such 
that the diagram 

~ j ~ 




is commutative, because / is an isomorphism between Y \ (U r i=1 Ei) and Y \ SingY". 

Consider any toric variety V associated to a complete simplicial fan. Then the canonical 
map of group of algebraic cycles modulo rational equivalence with rational coefficients to 
homology group with rational coefficients 

is an isomorphism (see |Da78] . 10.9). So, we can extend an intersection theory to the 
homology group with rational coefficients. 

The map /* : H 2 (Y, Q) — ► H 2 (Y, Q) is surjective. Let A C X C Y be an effective curve 
such that H 2 (X) = ZA and A = / -1 (A). Put K = ker/*. Then H 2 (Y, Q) = QA + K. 

The cycle of any curve (3 which lies on X equals Pq-X, where (3q e Z and (3q > 0, because 
representatives of elements of K lie on exceptional divisors, which do not intersect X . So, 
if A is a semigroup of algebraic curves on X, then A = Z>oA. 

The multiplicity of intersection of divisor and a curve depends only on the neighborhood 
of this curve and / is an isomorphism in a neighborhood of X, so A ■ Xi = X ■ Xi and 
A • Wi = X ■ Wi. Thus, for any curve (3 = (3 Q ■ X on X we have (3 ■ Wi = (3 Q ■ (A • Wi), 
(3-Xi = p -{X-Xi), and /3 •£; = (). _ _ 

Divisors that correspond to the edges of a fan of Y are Wi, . . . , Wk, E\, . . . ,E r . But the 
factors in the expression for /-series for X from Theorem 12.51 which include the divisors 
Ei may be cancelled, so we may omit them. Consider rings if*(A)[[g]] and if*(X)[[g]] 
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and an isomorphism between them which sends q to q and acts on the coefficients as /*. 
Let j : X — > Y be a natural embedding. Then 



J* = & Kq) (f° • j* ( ^~ a=1 \l^£^±1 na=A W <i\l 

rr U (*. + ■ 1 

\ ft,>0 a=l \.\.a=l\ VV 1 ) p . 



I, i ,/ Y", ; / ^ ria=l (jCt + 1 )d-degX a 
U k a=1 (Wa + l) d . Wa 



d=0 



where h(q) is a polynomial from theorem 12.51 and h(q) is its pre-image. The second 
equality holds because we may choose divisors that intersect X properly, and their strict 
transforms as representatives (over Q) of divisor classes (because PicY = Z and every 
effective divisor on Y is ample, and, therefore, it is equivalent to a rational multiple to 
a very ample one). The map / after restriction on X is isomorphism, which induces 
the isomorphism /* of cohomology groups such that the image of any divisor under /* 
is its strict transform. Finally, g* is an isomorphism of cohomology rings X and X, so 
I s = g*(I x ). 

The only thing that has to be found is h(q). If the index of X is greater than 1, then 
there are no curves which intersect the anticanonical class by 1, so h(q) — 0. If the index 
is 1, then any such curve is a line I (with respect to the anticanonical class of X) and 
h(q) = —oixq- Besides, there are no lines on X passing through the general point, i. e. 
(H dim )i = 0. This means that the coefficient e~ axq ■ If at H° vanishes, so 

„ UL^-X a )\ nl = i(degX a )! 

CX Y" — — 

2) It is easy to see that 

„=o \[j=i( w 3- n ) ] 

Consider the solution of the equation L[J x (q)} = as a series J x = J2 n >o a n ( l n - Evi- 
dently, D[q n ] = nq n . Hence 

k k 

([[ ( Wi D - (v)i - l))j[q n ] = {[[ ( Wl n - (v)i - • q n . 

i=l i=l 

Analogously, 

i i 
(qU(^ D + l)*)!^ 1 ] = (II (*(" " !) + 0*) • 9"- 

i=0 i=0 
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The differential equation on J translates into recursive equations on the coefficients a n 
using these equalities. Namely, 

nU {d*{n - 1) + 1) di 
nui(wi-K-i))™. 

Put ao = 1. By induction we get 

□ 

3.1.1. Remark. It is easy to see that the Riemann-Roch operator is divisible by 
D dimY ~ dimX from the left. Let L = D dimY ~ dimX L. Then Ll x = 0. 

3.2. Comments and examples. 

3.2.1. Remarks. 

i: In order to check that a complete intersection X = Xi U . . . U Xi of general 
hypersurfaces of deg rees d\ } . . . } di in a weighted projective space P = P(wi, . . . Wk) 
does not intersect the singular locus of P one can use the following necessary (but 
not sufficient) condition. 

The number of Cartier divisors among Xi is greater than 

the dimension of the singular locus o/P. 

This means that 

(a number of di 's that is divisible on each of a, 's) > (the maximal number of weights Wi 
such that greatest common factor of the others is greater than 1) 

(see 12X61) . 

For an arbitrary toric variety the condition reformulates as follows. The number 
of movable divisors (i. e. those that we can move from any point) is greater than 
codimension of maximal cone whose edges are not subset of basis. 

ii: We assume that the Picard number of the ambient variety is 1 just for simplicity. 
In cases of higher Picard number theorems 11.11 and 11.21 may be formulated and 
proved in a similar manner. We consider a multivariable q = (q\, . . . , q m ) instead 
of the variable q (here m = rk Pic X) a multidegree of a curve (with respect to the 
generators of Picard group) instead of a degree and so on. The only difference in 
this case is the expression for correction term e~ axq . 

iii: If we lift the hypothesis Pic X = Z (or dimX > 3 in remark[T]), then theorems ll.il 
and 11.21 give the restricted /-series (see remark [2. 2.6[) . 

iiii: The main theorems can be generalized to Calabi-Yau varieties. Their proofs 
differ from proofs of theorems 11.11 and 11.21 only in formulas for correction term 
(see [Gi97j). 
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3.2.2. Examples. 

i: Consider a general hypersurface X k C P™. Let k < n. Then, by theorem 11.11 

v " , (fctf+l),,,. 



oo 

d=0 ^V" 1 " 1 1 ^/d+l^ 



This coincides with the formula for /-series for a hypersurface in projective space 
from [GI96] . 

If A; = n, then, by theorem II. 1[ 



jx = e -k\ q J2q d 



kd+1 



<(H+l) ) n+1 ' 



This coincides with the formula 4.2.2 from |Pr04j. 
ii: For projective space (tUi = 1) theorem 11.11 is Givental's Theorem for complete 
intersections in projective space. 



4. Appendix: Golyshev's conjecture 

4.1. Consider a family of counting matrices A x = A + Al, where 1 is the identity matrix 
(see 12.6.11 for the definition of counting matrix). Consider the one-dimensional torus 
G m = Spec C[z, z~ l ] and the differential operator D = z-^. To construct the family of 
matrices M A , put its elements as follows 



0, if k > I + 1, 

"'A7=<1, iffc = / + l, 

* x k r(-i) l - k+ \ if*<Z + l. 
Consider the family of differential operators 

L x = det rig htpl - M A ), 

where det r ; g ht means "right determinant", i. e. the determinant, which is calculated with 
respect to the rightmost column; all minors are calculated in the same way. Divide L x on 
the left by D. We get the family of operators L x , so L x = DL X . 

4.2. Definition [ |Go02j . 1.8]. The equation of the family L x [Q(z)] = is called counting 
equation D3. 

4.3. Golyshev's conjecture [V. Golyshev, [Go02] ]. The solutions of D3 equations for 
Fano threefolds with Picard group Z are modular. More precisely, let X be such variety, 
%x be its index, and N = d ^ x . Then in the family of counting equations for X there is 

one, L Xx [§(z)] = 0, whose solution is an Eisenstein series of weight 2 on Xq(N). 



More precise description of counting equations as Picard-Fuchs equations see in |Go02j . 
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4.4. Based on this conjecture, Golyshev gives a list of predictions of counting matrices 
of Fano threefolds. To check this conjecture one should find all such matrices. 

There are 17 families of smooth Fano threefolds with Picard group Z (V. Iskovskikh, 
|Is77] . [Is78] ) . For 14 of them counting matrices were found by A. Beauville (|Be a95j ). 
A. Kuznetsov (unpublished), V. Golyshev (unpublished) and the author ( |Pr04j ). The 
matrices for 2 other varieties are given by theorem 12.6.61 

All these matrices coincide with ones that were predicted by Golyshev. Thus, theo- 
rem [2]6]6] finishes the proof of Golyshev's conjecture. 

The author is grateful to I. Cheltsov, S. Galkin, A. Givental, V. Golyshev, M. Kazarian, 
S. Shadrin, K. Shramov, M. Tsfasman, and F. Zak for comments. 



References 

[AS72] M. Abramowitz, I. Stegun (eds.) Handbook of Mathematical Functions with Formulas, Graphs, 

and Mathematical Tables, 9th printing, New York: Dover, 1972. 
[Ba93] V. Batyrev, Quantum Cohomology Rings of Toric Manifolds, preprint (1993), 
[Bea95] A. Beauville, Quantum cohomology of complete intersections, preprint (1995), 



alg-i 


?eom/9310004 


alg-i 


?eom/9501008 



[Bch97] A. Bchrend, Gromov-Witten invariants in algebraic geometry, Invent. Math., 127(3), 1997, 601- 
617. 

[BK00] A.Bertram, H. Kley, New recursions for genus-zero Gromov-Witten invariants, preprint (2000), 
|math.AG/0007082[ 

[BM96] K.Behrend, Yu. Manin, Stacks of Stable Maps and Gromov-Witten Invariants, Duke Math. J. 
vol. 85, No. 1 (1996) 1-60, preprint (1995), |alg^geom/9506023| 



[CJ99] A. Collino, M. Jinzenji, On the Structure of the Small Quantum Cohomology Rings of Projective 

Hyper surf aces, Comm. Math. Phys. 206 (1999) 157-183. 
[Da78] V. Danilov, Geometry of toric varieties, Russ. Math. Surv., 33 (1978), 97-154. 
[Do82] I.Dolgachev, Weighted projective varieties, Lect. Notes Math., 1982, V. 956, 34-71. 
[Fu93] W. Fulton, Introduction to toric varieties, Princeton University Press, Princeton, NJ, 1993. 
[Ga99] A. Gathmann, Relative Gromov-Witten invariants and the mirror formula, preprint (1999), 

|math.AG/9908054| 

[GaOO] A. Gathmann, Absolute and relative Gromov-Witten invariants of very ample hyper surf aces, 



preprint (2000), math.AG/0009190. 



[Gi96] A. Givental, Equivariant Gromov - Witten Invariants, IMRN (1996) No. 13, 613-663, preprint 
(1996),[ali^geom79603021. 



[Gi97] A. Givental, A mirror theorem for toric complete intersections, preprint (1997), alg-geom/ 9 701016 
[GoOl] V. Golyshev, Riemann-Roch variations, Izv. Math., 2001, 65 (5), 853-881. 

[Go02] V. Golyshev, Geometricity Problem and Modularity of Certain Riemann-Roch Variations, Dokl. 

Math, Vol. 66, No. 2, p. 231 (2002). 
[Go04] V. Golyshev, Modularity of equations D3 and the Iskovskikh classification, Dokl. Math, to appear, 

preprint (2004), |math.AG/0405039| 
[HM98] J. Harris, I. Morrison, Moduli of curves, Graduate Texts in Mathematics, 187. New York, NY: 

Springer, xiii, 1998. 
[Is77] V. Iskovskikh, Fano 3-folds I, Math USSR, Izv. 11 (1977), 485-527. 
[Is78] V. Iskovskikh, Fano 3-folds II, Math USSR, Izv. 11 (1978), 469-506. 

[Is79] V. Iskovskikh, Anticanonical models of three-dimensional algebraic varieties, J. Soviet Math. 13 
(1980), 745-814. 

[Is88] V. Iskovskikh, Lectures on three-dimensional algebraic varieties. Fano varieties. (Lektsii po 
trekhmernym algebraicheskim mnogoobraziyam. Mnogoobraziya Fano), Moscow, Moscow State Uni- 
versity (1988). 

[IP99] V. Iskovskikh, Yu. Prokhorov, Fano varieties, Encyclopaedia Math. Sci. 47 (1999) Springer, Berlin. 

[KM94] M. Kontsevich, Yu. Manin, Gromov- Witten classes, quantum cohomology, and enumerative ge- 
ometry, Comm. Math. Phys. 164 (1994) 525-562. 

[KM98] M. Kontsevich, Yu. Manin, Relations between the correlators of the topological sigma-model cou- 
pled to gravity, Comm. Math. Phys. 196 (1998) 385-398. 

14 



[LP01] Y.-P. Lee, R. Pandharipande, A reconstruction theorem in quantum cohomology and quantum K- 
theory, preprint (2001), |math.AG/0104084| 

[Ma02] Yu. Manin, Frobenius manifolds, quantum cohomology, and moduli spaces, Colloquium Publica- 
tions. American Mathematical Society (AMS). 47. Providence, RI: American Mathematical Society 
(AMS) (1999). 

[Mu92] S.Mukai, Fano 3-folds, Lond. Math. Soc. Lect. Note Ser. 179, 255-263 (1992). 

[Pa98] R. Pandharipande, Rational curves on hypersurfaces [after A. Givental], Societe Mathematique de 

France, Asterisque. 252, 307-340, Exp. No.848 (1998). 
[Pr04] V. Przyjalkowski, Gromov-Witten invariants of Fano threefolds of general and 8, preprint (2004), 

|math.AG/0410327| 

[Vi89] A. Vistoli, Intersection theory on algebraic stacks and their moduli, Invent. Math. 97 (1989), 613- 
670. 

[W91a] E.Witten, Two-dimentional gravity and intersection theory on moduli space, Surveys in Din". 
Geom. 1 (1991), 243-310. 

[W91b] E.Witten, Algebraic geometry associated with matrix models of two dimensional gravity, Topo- 
logical methods in modern mathematics (Stony Brook, NY, 1991), Publish or Perish, Texas (1993), 
235-269. 

Steklov Institute of Mathematics, 8 Gubkin street, Moscow 119991, Russia 
E-mail address: victorprz@mi.ras.ru, przhijal@mccme.ru 



15 



